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. , 1 , (CIP:
coupled inverted pendula) $[$3, $4|$ . , $A_{i}$ , $B_{i}$ 2
$A_{i}B_{i}(i=1,2)$ , $B_{1}B_{2}$ 4 . $A_{i}$
$u_{i}$ ,
$u_{i}=u_{i}^{pd}$ $:=r(K\sin\theta_{i}+L\dot{\theta}_{j}\cos\theta_{i})$ $(i=1,2)$ (1)
. $A_{i}$ $B_{i}$ PD . PD ,
, $l>2r$ $K,$ $L$ ,
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1: Coupled inverted pendula model of competi-
tion and cooperation.
2: Penalty-based spring-and-damper method for
the coupled inverted pendula model.
, , . , 1 , 4
$(\theta_{1}, \theta_{2})=(0,0),$ $(0, \pi),$ $(\pi, 0),$ $(\pi, \pi)$ 4 (quadra-stability) .
CIP $(\theta_{1}, \theta_{2})$ , , [4]. , CIP
( ) , ,
[4].
22
1 , (DAE) , .
. (penalty method) , DAE [4]. , 1
$B_{1}B_{2}$ , $l_{0}$ , 2
. , DAE
. ,
. . 2 $q=$ $(x_{1} ,\dot{\theta}_{1} , x_{2}, \theta_{2})^{T}\in R^{4}$ , ,
.















$(c’)K=100,$ $L=2$ $(c” )K=100,$ $L=2$
3: Initial angles $(\theta_{1}(0), \theta_{2}(0))$ belonging to the equilibria $\xi_{k}$ $(k=1,2,3,4)$ for $x_{1}(0)=\dot{x}_{i}(0)=\dot{\theta}_{1}(0)=0$
$(i=1,2)$ , and $x_{2}(0)>x_{1}(0)$ . White, red (dark-gray), blue (light-gray), and black regions represent the
initial angles belonging to the draw, left-win, right-win, and scramble equalibria respectively.
,
$\{\begin{array}{l}l=\sqrt{(\Delta X)^{2}+(\Delta Y)^{2}}, l’:=dl/dt, \Delta X=(x_{2}-x_{1})+r(\sin\theta_{2}-\sin\theta_{1}), \Delta Y=r(\cos\theta_{2}-\cos\theta_{1}),Q(\theta):=\cos 2\theta-3, G_{x}(\theta):=\frac{2\sin\theta(g_{CO8}\theta-r\dot{\theta}^{2})}{Q(\theta)}, G_{\theta}(\theta):=\frac{2\sin\theta(-2g+r\dot{\theta}^{2}\cos\theta)}{rQ(\theta)},H_{x}(\theta):=\frac{\sin\theta(\Delta Yc\infty\theta+\Delta X\sin\theta)}{mQ(\theta)}, H_{\theta}(\theta):=\frac{\Delta X\cos\theta-2\Delta Y\sin\theta}{mrQ(\theta)}\end{array}$ (3)
. $C_{x},$ $C_{\theta}$ $x_{i},$ $\theta_{i}$ , $C[,$ $K[$ $B_{1}B_{2}$ .
(2) 1 , Ki. Ci , $B_{1}B_{2}$
. $K_{l}=5x10^{4},$ $C_{l}=3$
. , $m=l_{0}=1,$ $r=0.3$ . $C_{x}=C_{\theta}=0.1$ , 4 Runge-Kutta
. 2 $x10^{-3}$ .
2.3
$\xi_{k}(k=1,2,3,4)$ $(\theta_{1}(0), \theta_{2}(0))$ , 3
. $[-\pi, \pi]x[-\pi, \pi]$ 500 $x500$ .
14
(a) Draw (for $\xi_{1}$ ) (b) Left-win (for $\xi_{2}$ ) (e) Scramble (for $\xi_{4}$ )
4: Correlation integrals $C_{r}$ and their linear parts of the basin of attractions in 3 $(c’)$ , belonging to the
draw $\xi_{1}$ as white (a), left-win $\xi_{2}$ as red (dark-gray) (b), and scramble $\xi_{4}$ as black (c) respectively.
$x_{1}(0)=\dot{x}_{1}(0)=\dot{x}_{2}(0)=\dot{\theta}_{1}(0)=\dot{\theta}_{1}(0)=0$ . $x_{2}(0)$ $x_{2}(0)>x_{1}(0)$ .
$\xi_{1}$ , $\xi_{4}$ , ( ) $\xi_{2}$
, ( ) $\xi_{3}$ .
3(a) PD $K=100,$ $L=10$ . $(\theta_{1}(0), \theta_{2}(0))$ ,
. , , 4 .
. $\theta_{1}(0)+\theta_{2}(0)=0$ . , 4
$\theta_{1},$ $\theta_{2}\approx\pi/4$ . , ,
.
3(b) $L$ , $K=100,$ $L=4$ . ( $\xi_{1}$ , )
, . $L$ , $K=100,$ $L=2$
, 3(c) . ( $\xi_{4}$ , ) , . 3(c)
$(c’)$ , $(c” )$ .
$500\cross 500$ . 3 $(c” )$ 01rad ,
, . , 3 (c) $(c’)$ , $(c’)$ $(c” )$ ,
.
3 $(c’)$ C , 4 4 (a) ( $\xi_{1}$ , ), (b) (
$)$ ( $\xi$2, ), (c) ($\xi_{4}$ , ) . , ( )( $\xi$3,
) ( ) . , )$\nu$
, $D_{2}$ . $D_{2}$ 2 . 3 $(c’)$
. $D_{2}$ . 18 19 ,
3(C’) , .
. 4 $C_{r}$ , , $10^{-2}$ rad $\approx O.57$












6: Experimental basins of attrac-
tion of the four equilibriums.
, , [6]. , PD
(1) $\pi$ ,
. 5 . 2 ,
, . 6
, $(\theta_{1}(0),$ $\theta_{2}(0))$ .
10 $(36\cross 36=1296)$ . 3(c) ,
.
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. , $u_{i}(i=1,2)$ ,
$\sigma_{i}(u_{i}):=\alpha_{i}u_{i}+\beta_{i}$ $(i=1,2)$ . (4)








7: Equilibrium switching caused by the unilateral impulse $P_{1}\neq 0,$ $P_{2}=0$ for $K=100,$ $L=10$ .
$X-(x_{1}+x_{2})/2$
9: Motion under the sacrifice strategy only, for
8: Equilibrium switching under the sacrifice strat- $(P_{1}, P_{2})=(10,0)$ . The black circles represent the
egy only, for $(P_{1}, P_{2})=(10,0)$ . initial Position.
. $\xi_{1}$ ( ) , 7 . .
$P_{1}$ , , $\sigma_{1}$
.
7 $S$ $(P_{1}=10)$ 8 ,
9 . , $A_{1}B_{1}$ , $\theta_{1}=0$
, $A_{2}B_{2}$ $\theta_{1}=0$ $\theta_{2}=\pi$ .
, ( ) . , $A_{1}B_{1}$
, , $A_{2}B_{2}$ $\dot{r}$










11: Motion under the suspension strategy for
10: Equilibrium switching under the suspension $(t_{1}, t_{2})=(0.1,0.4)$ together with the sacr ce strat-
strategy for $(t_{1}, t_{2})=(0.1,0.4)$ together with the egy for $(P_{1}, P_{2})=(10,0)$ . The black circles represent
sacrifice strategy for $(P_{1}, P_{2})=(10,0)$ . the initial position.
, $t_{1}\leq t<t_{2}$ PD , .
$A_{2}B_{2}$ .
, 10 , 11
. , $u_{2}$ . ,
, .




2 , , .
4.1
Cabrera [5] , ,
,
$\delta+\gamma\dot{\theta}-\alpha\sin\theta+\beta R(t)\theta(t-\tau)=0$ (9)
, . , $\tau$ , $R(t)=(1+\nu\xi(t))$
, $\xi(t)$ . $\nu$ 1). (9) ,
, , .
(9) ,
$\ddot{\Delta}x+\gamma\Delta\dot{x}-\alpha\Delta x+\beta R(t)\Delta x(t-\tau)=0$ (10)
, $x_{T},$ $x_{M}$ $\Delta x:=x_{T}(t)-x_{M}(t)$ . ,
Bormann[7] , $x\tau(t)$ $x_{M}(t)$ ,
$\ddot{x}_{T}+\gamma\dot{x}_{T}=\alpha\Delta x(t)$ , $\ddot{x}_{M}+\gamma\dot{x}_{M}=\beta R(t)\Delta x(t-\tau)$ . (11)
, (10) .
$1)_{l}$ . $g$ . $\alpha=3g/(2$ .
18
The CIP model (Nonlinear 2-D)
12: A physical example of coupled hu-
man balancing tasks. Linear 1-D model
13: Linearization and order reduction of the CIP model.
4.2
, 12 , 2 , 2
. , $i$ $q_{Ti}$ ,
$q_{Mi}(i=1,2)$ . $l:=q_{T1}-q_{T2}=$ const. .
$2\ddot{q}_{T}+2\gamma\dot{q}_{T}=\alpha\Delta q_{1}(t)+\alpha\Delta q_{2}(t)$ , (12a)
$\ddot{q}_{Mi}+\gamma\dot{q}_{Mi}=u_{i}(t, \tau)$ , (12b)
$u_{i}(t, \tau):=\beta(1+\nu\xi_{i}(t))\Delta q_{i}(t-\tau)$ $(i=1,2)$ (12c)
, $\Delta q_{i}$ $:=q_{T}-q_{Mi}(i=1,2)$ , $i$ . $\xi_{i}(i=1,2)$
. (12b) $\Delta q_{i}$ .
$\ddot{\Delta}q_{i}+\gamma\Delta\dot{q}_{i}-\frac{1}{2}\alpha(\Delta q_{1}+\Delta q_{2})+u_{i}(t, \tau)=0$ $(i=1,2)$ . (13)
(12) (13) , , 13 . .
$|\theta_{i}|\ll 1$ , $\propto\sin\theta_{i}$ , $\alpha<0$
. (13) , $\Delta q_{1}=\Delta q_{2},$ $\Delta\dot{q}_{1}=\Delta\dot{q}_{2}$ , (10)
. , $\gamma=50,$ $\alpha=22,$ $\nu=0.6,$ $\tau=0.1$ . , $\Delta x,$ $\Delta q_{i}$ .
.
43
$14(a),$ $(b)$ . (12) . (a), (b) . (12) ,
. $\Delta q_{1}$ , $\Delta x$ 1% .
RMS(root mean square) . $\Delta q_{2}$ $\Delta q_{1}$ .
RMS 15 500 , RMS .
RMS , 15 $x10^{3}$ , 3.0 $x10^{-1}$ ,
, RMS $10^{-4}$ . ,
, .
19
14: Balancing error $\Delta x(t)$ of the single system
(10) under $\lambda_{1}=5\cross 10^{-4}(\beta=20.306)$ and $\Delta q_{1}(t)$
for the coupled system (12) under $\lambda_{1}=5\cross 10^{-4}$
$(\beta=21.032)$ .
15: Logarithmic plot of root mean squares on dif-
ferent samples of the white noise $\xi_{i}(t)$ . The solid
lines represent the mean value of the logarithmic
plots.
$T$
16: Short-time cross-correlation coeﬄcient at $t=$
$36$ for $\Delta t=5$ .
44
17: Probability densities of the first peak point
$\hat{\tau}_{\dot{x}}(t)$ for the single case and $\hat{\tau}_{\dot{q}_{1}}(t)$ for the coupled
case, constructed from 100 samples in the time in-
terval $t\in[0$ : 1200$]$ .
, ,
. , $x(t),$ $y(t)$ , $\Delta t$
, , .
$R(x,y; \tau)(t)=\frac{C(x-m_{x},y-m_{y};\tau,t)}{\sigma_{x}\sigma_{y}}$ , (14)
,
$C(x,y;\tau,t):=\langle x(s)y(s+\tau)\rangle_{[t,t+\Delta t]}$ , $m_{x}:=\langle x(s)\rangle_{[t,t+\Delta t]},$ $\sigma_{x};=\langle(x(s)-m_{x})^{2}\rangle_{[t,t+\Delta t]}^{1/2}$
, $\langle$X$(s) \rangle_{[a,b]}:=(b-a)^{-1}\int_{a}^{b}X(s)ds$ $[a, b]$ $X(s)$ .
Cabrera [5], ,
, . ,
, , $R(\dot{x}_{T},\dot{x}_{M})$ ,
20
18: Experiment setup.
$R(\dot{q}\tau,\dot{q}_{M1})(i=1,2)$ . 1 16 . $R(\dot{x}_{T},\dot{x}_{M})$
$\hat{\tau}_{\dot{x}}$ , $R(\dot{q}\tau,\dot{q}_{Mi})(i=1,2)$ $\hat{\tau}_{\dot{q}_{1}},\hat{\tau}_{\dot{q}2}$ . , $\hat{\tau}_{\dot{q}_{1}}=0.105$
$\hat{\tau}_{\dot{q}_{2}}=0.035$ , 01
, 3 l$\triangleright$ .
, 1 , ,
, .
, , , $\hat{\tau}_{\dot{q}_{1}}$ , 17 .
$[0$ ,1200$]$ , 100
, . $\hat{\tau}(\dot{q}_{2})$ $\hat{\tau}(\dot{q}_{1})$ . 17 ,







, 18 . , (12) $q_{Mi}(i=1,2)$ , 2
. , . ,
$q_{Ti}$ , $q_{Mi}$ , ,
. , .
. 1200 $x600$ (pixel) , [1, 1200]
, [-3, 3] . $q_{Mi}$ . $50Hz$
21
$0$ 5 10 $t$ 15 20 $0$ 5 10 $t$ 15
19: Experimental velocities of the target $\dot{x}\tau$ (thick 20: Experimental velocities of the target $\dot{q}\tau$ (thick
line) and of the subject’s movement $\dot{x}_{M}$ (thin line), line) and of the subject’s movement $\dot{q}_{Mi}$ (thin line),
and power spectra of the balancing error $\Delta x$ , under and power spectra of the balancing error $\Delta q_{i}$ , under
the single balancing independently performed by the the Coupled balanCing by the $pa$ of the $($al $)$ rst
(al) first subject and by the (a2) second subject. subject $(i=1)$ and the (a2) second subject $(i=2)$ .
21: Experimental short-time cross-correlation co- 22: Experimental short-time cross-correlation co-
efficients $R$ under the single balancing independently efficients $R$ under the coupled balancing by the pair




$x\tau(0)=-0.5,$ $q_{M1}(0)=-0.6,$ $q_{M2}(0)=0.6,\dot{x}\tau(0)=\dot{x}_{M}(0)=0,$ $q\tau(0)=-0.5,$ $q_{M1}(0)=-0.6$ ,
$q_{M2}(0)=0.6,\dot{q}\tau(0)=\dot{q}_{M1}(0)=\dot{q}_{M2}(0)=0$ . $\alpha=\beta=21,$ $\gamma=50,$ $l=1$ .
5.2
19 ,
. (al), (a2) $\dot{x}_{T}$ , .
. , ,
. , 20 $l$ .
. , . ,
$\dot{q}_{T}$ , $\dot{q}_{M1},\dot{q}_{M2}$ .
44 , , ,
. ,
21 . $\hat{\tau}_{\dot{x}_{T}}=0.14,0.12$ .




3 , , $\langle\hat{\tau}\rangle=0.132$,0136 ,
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